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Abstract
Let fe (respectively, fv) denote the number of faulty edges (respectively, vertices) of an n-dimensional hypercube Qn . In this
paper, we prove that every fault-free edge of Qn for n ≥ 3 lies on a fault-free cycle of every even length from 4 to 2n − 2 fv
inclusive if fe + fv ≤ n − 2. Furthermore, we also prove that Qn for n ≥ 5 contains a fault-free cycle of every even length from
4 to 2n − 2 fv inclusive if fe ≤ n − 2 and fe + fv ≤ 2n − 4. This result has better tolerance for the faulty components than the
degree of the hypercube.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
In this paper, a network is represented as a loopless undirected graph. For fundamental graph terminologies and
notations, we follow [2]. A bipartite graph is one whose vertex set can be partitioned into two subsets X and Y , so
that each edge has one end-vertex in X and another in Y , such a partition {X, Y } is called a bipartition of the graph.
We often use the symbol G = (X ∪ Y, E) to denote a bipartite graph G = (V, E) with a bipartition {X, Y }. Two
vertices are adjacent when they are incident with a common edge. A path of length k from x to y is a finite sequence
of adjacent vertices written as 〈v0, v1, v2, . . . , vk〉, where v0 = x , vk = y, and all the vertices v0, v1, v2, . . . , vk are
distinct except possibly v0 = vk . For convenience, we use the sequence 〈v0, . . . , vi , P[vi , v j ], v j , . . . , vm〉 to denote
the path 〈v0, v1, v2, . . . , vk〉, where P[vi , v j ] = 〈vi , vi+1 . . . , v j 〉 and the two vertices vi and v j are called the end-
vertices of P[vi , v j ]. Sometimes, we also use P to denote a path P[vi , v j ]. Let l(P) denote the length of the path P
that is the number of edges in P .
The distance between u and v in G is denoted by dG(u, v), which is the length of a shortest path between u and
v in G. Two paths are vertex-disjoint (also called disjoint) if and only if they have no vertices in common. A cycle C
is a special path with at least three vertices such that the first vertex is the same as the last one. A cycle of length k is
called a k-cycle; a k-cycle is odd or even depending on whether k is odd or even. A path (respectively, cycle) which
traverses each vertex of G exactly once is a Hamiltonian path (respectively, Hamiltonian cycle). For consistency, we
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always use F = Fe ∪ Fv to denote the faulty set of G in the following discussion, where Fe ⊂ E(G) and Fv ⊂ V (G).
G − F denotes the subgraph of G induced by {x | x ∈ V (G) and x 6∈ Fv}. Throughout this paper, fe = |Fe| and
fv = |Fv|. A vertex u is a fault-free vertex if u is not in F . An edge e = (u, v) is a fault-free edge if u, v, and (u, v)
are not in F .
The ring embedding problems, which deals with all possible lengths of the cycles, is investigated in hypercubes.
However, the hypercube contains no odd cycles. Saad and Schultz [4] proved that a fault-free Qn is bipancyclic in the
sense that an even k-cycle exists for each even integer k between 4 and 2n inclusive. For a case considering only faulty
edges, Li et al. [3] proved that every fault-free edge of Qn for n ≥ 3 lies on a fault-free cycle of every even length
from 4 to 2n inclusive, if fe ≤ n − 2. Xu et al. [9] further showed that every fault-free edge of Qn for n ≥ 4 lies on
a fault-free cycle of every even length from 6 to 2n inclusive, if fe ≤ n − 1 and all faulty edges are not incident with
the same vertex. Tsai [6] recently proved that Qn for n ≥ 3 is bipancyclic with up to 2n − 5 edge faults if these faults
satisfy some specified conditions.
In this paper, we prove that every fault-free edge of Qn for n ≥ 3 lies on a fault-free cycle of every even length
from 4 to 2n − 2 fv inclusive if fe + fv ≤ n − 2. Furthermore, we also prove that Qn for n ≥ 5 contains a fault-free
cycle of every even length from 4 to 2n − 2 fv inclusive if fe ≤ n − 2 and fe + fv ≤ 2n − 4. This result can tolerate
the faulty components more than the degree of the hypercube.
The rest of this paper is organized as follows. In the next section, necessary definitions and notations are introduced.
In Section 3, we first consider the case of fe+ fv ≤ n−2. Applying these results, we show that for n ≥ 5, Qn contains
a fault-free cycle of every even length from 4 to 2n − 2 fv inclusive if fe ≤ n− 2 and fe + fv ≤ 2n− 4. A conclusion
is given in the final section.
2. Preliminaries
An n-dimensional hypercube (n-cube for short), denoted by Qn , is an undirected graph which contains 2n
vertices and has n edges per vertex. The vertex set V of Qn consists of all the n-bit binary strings, i.e., V =
{un−1un−2 . . . u1u0 | ui ∈ {0, 1}, i = 0, 1, . . . , n − 1}. Two vertices u = un−1un−2 . . . u1u0 and v =
vn−1vn−2 . . . v1v0 are linked by an edge if and only if u and v exactly differ in one bit position. TheHamming distance
h(u, v) between two vertices u and v is the number of different bits in the corresponding strings of both vertices. Let
u = un−1un−2 . . . u1u0 be a vertex in Qn . The i-dimensional neighbor of u is u(i) = un−1un−2 . . . ui . . . u1u0, where
ui represents the one’s complement of ui . An edge (u, v) in E(Qn) is of dimension i if v = u(i). The following
properties of Qn are useful in the subsequent proofs.
Lemma 1 ([3]). For n ≥ 3, every fault-free edge of Qn lies on a fault-free cycle of every even length from 4 to 2n
inclusive if fe ≤ n − 2.
Lemma 2 ([7]). For n ≥ 3, every fault-free edge of Qn lies on a fault-free cycle of every even length from 4 to
2n − 2 fv inclusive if fe = 0 and fv ≤ n − 2.
Lemma 3 ([7]). Let u and v be two distinct vertices of Qn . Then there is a partition which can partition Qn into two
(n − 1)-cubes such that one contains u and the other contains v.
Lemma 4. Let e be any edge of Qn for n ≥ 2. Then, there are n − 1 cycles of length four that contain e in common.
Proof. Let e = (u, v) and v = u(i) for some 0 ≤ i ≤ n − 1, i.e., e is an edge of dimension i . Since h(u, v) = 1,
h(u( j), v( j)) = 1 for all 0 ≤ j ≤ n − 1. Thus, a 4-cycle containing the edge (u, v) is formed by 〈u, u( j), v( j), v, u〉
for 0 ≤ j ≤ n − 1 and j 6= i . For any vertex x in Qn , x ( j) 6= x (k) if and only if j 6= k. One can observe that the value
of j has n − 1 possible values if the value of i is fixed. Therefore, there are n − 1 cycles of length four which contain
(u, v) in common. 
In the following sections, our methods are based on a simple and efficient recursive construction. The main idea is
to carefully partition an n-cube into two (n− 1)-cubes. Subsequently, we establish two small vertex-disjoint cycles in
the two (n − 1)-cubes. Finally, we merge the two cycles to form a desired cycle.
C.-H. Tsai / Applied Mathematics Letters 21 (2008) 855–860 857
3. Cycles Embedding
Theorem 1. For n ≥ 3, every fault-free edge of Qn lies on a fault-free cycle of every even length from 4 to 2n − 2 fv
inclusive if fe + fv ≤ n − 2.
Proof. The proof is by the induction on n. By Lemmas 1 and 2, the theorem holds for n = 3. Assume that the theorem
is true for every integer 3 ≤ m < n. We now consider m = n as follows. By Lemma 1, the theorem holds if fe ≤ n−2
and fv = 0. By Lemma 2, the theorem holds if fe = 0 and fv ≤ n − 2. Thus, we only consider the case of fe ≥ 1,
fv ≥ 1, and 2 ≤ fe + fv ≤ n − 2.
Let (u, v) be a faulty edge and v = u( j). Applying Lemma 3, Qn can be partitioned along dimension j into two
(n− 1)-cubes such that u and v are in different (n− 1)-cubes. Let f ie (respectively, f iv ) be the number of faulty edges
(respectively, vertices) in Qin−1 for i = 0, 1, and thus, fv = f 0v + f 1v and fe ≥ f 0e + f 1e . Thus, f 0e + f 0v ≤ n − 3 and
f 1e + f 1v ≤ n − 3. Let (a, b) be any fault-free edge of Qn . We will establish an even k-cycle containing (a, b) where
4 ≤ k ≤ 2n − 2 fv . We check two possible distributions of the edge (a, b).
Case 1: (a, b) ∈ E(Q0n−1)∪ E(Q1n−1), i.e., (a, b) is in Q0n−1 or Q1n−1. We only consider that (a, b) ∈ E(Q0n−1) since
the discussion of (a, b) ∈ E(Q1n−1) is the same.
Since f 0e + f 0v ≤ n − 3, by the induction hypothesis, there exists a fault-free even k-cycle in Q0n−1 containing the
edge (a, b) where 4 ≤ k ≤ 2n−1− 2 f 0v . Let Ch be a fault-free even h-cycle containing the edge (a, b) in Q0n−1 where
h = 2n−1 − 2 f 0v . One can observe that there are at least 2n−2 − f 0v mutually disjoint edges in the cycle Ch such that
each edge differs from (a, b). Since n ≥ 4 and fe+ fv ≤ n−2, 2n−2 > fe+ fv+1. Hence 2n−2− f 0v > f 1e + f 1v +1.
Consequently, there exists at least one edge (c, d) in Ch such that (c, c( j)), (d, d( j)), and (c( j), d( j)) are fault-free
edges. Ch can be represented by 〈c, d, S[d, c], c〉 where (a, b) lies on the path S and l(S) = 2n−1 − 2 f 0v − 1.
Since f 1e + f 1v ≤ n − 3, by the induction hypothesis, there are even cycles with lengths from 4 to 2n−1 − 2 f 1v
inclusive containing the edge (c( j), d( j)) in Q1n−1. Hence there exists a path R joining c( j) and d( j) in Q1n−1 where
l(R) = 1, 3, . . . , 2n−1 − 2 f 1v − 1. Merging the two paths S and R as well as the two edges (c, c( j)) and (d, d( j)),
we can construct an even cycle C of 〈d, S[d, c], c, c( j), R[c( j), d( j)], d( j), d〉 which contains (a, b). Obviously,
l(C) = l(R)+ l(S)+ 2. Therefore, 2n−1 − 2 f 0v + 2 ≤ l(C) ≤ 2n − 2 fv .
Case 2: (a, b) 6∈ E(Q0n−1) ∪ E(Q1n−1).
Obviously, (a, b) is an edge of dimension j and b = a( j). Without loss of generality, we may assume that
a ∈ V (Q0n−1) and b ∈ V (Q1n−1). By Lemma 4, there are n − 1 cycles with length four containing the edge (a, b) in
common. Since fe+ fv ≤ n−2, there exists an integer i such that i 6= j and 〈a, a(i), b(i), b, a〉 is a fault-free 4-cycle.
Since f 0e + f 0v ≤ n−3 and f 1e + f 1v ≤ n−3, by the induction hypothesis, there exists an even k0-cycle (respectively, k1-
cycle) in Q0n−1 (respectively, Q1n−1) containing the edge (a, a(i)) (respectively, (b, b(i))) where 4 ≤ k0 ≤ 2n−1− 2 f 0v
and 4 ≤ k1 ≤ 2n−1 − 2 f 1v . Hence there exists a path W0[a(i), a] (respectively, W1[b, b(i)]) in Q0n−1 (respectively,
Q1n−1) where l(Wg) = 1, 3, 5, . . . , 2n−1 − 2 f gv − 1 for g = 0, 1. Merging these two paths W0 and W1 as well as
the two edges (a, b) and (a(i), b(i)), an even cycle C = 〈a, b,W1[b, b(i)], b(i), a(i),W0[a(i), a], a〉 is established that
contains the edge (a, b). Obviously, l(C) = l(W0)+ l(W1)+ 2. Therefore, 4 ≤ l(C) ≤ 2n − 2 fv . 
Lemma 5 ([8]). For n ≥ 4, every fault-free edge of Qn lies on a fault-free cycle of every even length from 6 to
2n − 2n + 2 inclusive providing fe = 0, fv = n − 1, and every fault-free vertex is adjacent to at least two fault-free
vertices.
Lemma 6 ([3]). Let u and v be two arbitrary distinct vertices in Qn and h(u, v) = d, where n ≥ 2. There are paths
connecting u and v in the Qn with lengths d, d + 2, d + 4, . . . , c, where c = 2n − 1 if d is odd, and c = 2n − 2 if d
is even.
Lemma 7 ([5]). Let X and Y be two partite sets of Qn for n ≥ 3 and w ∈ X. For any two distinct vertices u and v
in Y , there exists a path joining u and v and passing all vertices of Qn except w.
Lemma 8. For n ≥ 4, Qn contains a fault-free cycle of every even length from 4 to 2n − 2n + 2 inclusive if fe = 0
and fv = n − 1.
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Fig. 1. An illustration of the case of F = {u0, u3, u12, u15} and none of fault-free 6-cycle exists when u0 = 0000, u3 = 0011, u12 = 1100,
u15 = 1111.
Proof. By Lemmas 4 and 5, this lemma holds if all faulty vertices are not adjacent to the same vertex. We now
consider the case of all faulty vertices adjacent to some vertex u. The proof is by the induction on n. Obviously, the
lemma holds for n = 3. Let u( j) be a faulty vertex. We partition Qn along dimension j into two (n−1)-cubes, denoted
by Q0n−1 and Q1n−1, such that one contains u and the other contains u( j). Without loss of generality, we may assume
that u ∈ V (Q0n−1) and u( j) ∈ V (Q1n−1). Therefore, f 0v = n − 2 and f 1v = 1. By the induction hypothesis and by
Theorem 1, it is not difficult to verify that the lemma is true. Details are omitted. 
Lemma 9. Let X and Y be two partite sets of Qn for n ≥ 3 and let Qn have exactly one faulty vertex w ∈ X. For
any two fault-free distinct vertices u and v of Qn , there are fault-free paths connecting u and v in Qn which are of
lengths d, d + 2, d + 4, . . . , 2n − c, where d = h(u, v), c = 2 if u ∈ Y and v ∈ Y , c = 4 if u ∈ X and v ∈ X, and
c = 3 if d is odd.
Proof. The proof is by the induction on n. Since Qn is vertex-symmetric, we may assume that w = 0 is a faulty
vertex. It is not difficult to verify that the lemma is true if n = 3. Assume that the result is true for 3 ≤ m < n. We
now consider that m = n. By Lemma 7, the desired path of length 2n − 2 exists if u ∈ Y and v ∈ Y . Let u and v be
two distinct fault-free vertices of Qn and h(u, v) = d . One can observe that dQn−{w}(u, v) = d . Hence we only need
to build fault-free paths with lengths d + 2, . . . , 2n − c where c = 3 if d is odd and c = 4 if d is even.
One may partition Qn along some dimension j such that u ∈ V (Q0n−1) and v ∈ V (Q1n−1). Thus, u( j) is in Q1n−1,
and v( j) is in Q0n−1. Since h(u, v) = d , h(v, u( j)) = d − 1. Let a = u( j). Consequently, there exists a fault-free path
of 〈u, a, P[a, v], v〉 which is of length d such that P lies on Q1n−1. Hence l(P) = d − 1. Let 0 ≤ k 6= j ≤ n − 1
such that a(k) 6= u, u(k) 6= w, and a(k) 6∈ V (P). Hence 〈u, u(k), a(k), a, u〉 is a 4-cycle where u and u(k) (respectively,
a and a(k)) are two vertices in Q0n−1 (respectively, Q1n−1). Thus, h(a(k), u) = 2, i.e., a(k) and u are in the same partite
set. Therefore, h(v, a(k)) = l where l = d − 2 or d if d ≥ 2 and l = 1 if d = 1.
By the induction hypothesis, there exists a path R joining u and u(k) in Q0n−1 where l(R) = 1, 3, 5, . . . , 2n−1 − 3.
Since Q1n−1 is fault-free and by Lemma 6, there exists a path S joining v and a(k) in Q1n−1 where l(S) =
l, l + 2, . . . , 2n−1 − g where g = 1 if d is odd and g = 2 if d is even. Merging R, S, and the edge (a(k), u(k)),
one may construct a path T connecting u and v such that l(T ) = d + 2, d + 4, . . . , 2n − c where c = 3 if h(u, v) is
odd and c = 4 if h(u, v) is even. The proof is complete. 
Lemma 10 is useful in the proof of our main result in this section. It was proved by Hsieh [1].
Lemma 10 ([1]). For n ≥ 3, there exists a fault-free cycle of length at least 2n − 2 fv in Qn if fe ≤ n − 2 and
fe + fv ≤ 2n − 4.
Let F = {0000, 0011, 1100, 1111} be a faulty set of Q4. The reduced graph of Q4 − F is shown by an
illustration in Fig. 1. Let u5 = 0101, u6 = 0110, u9 = 1001, and u10 = 1010. Thus, all of them are in the
same partite set. One can observe that dQ4−F (u5, u10) = dQ4−F (u6, u9) = 4. Suppose that Q4 contains a fault-
free 6-cycle, denoted by C6. Since Q4 − F is a bipartite graph, there are exactly three vertices in {u5, u6, u9, u10}
that lies on the cycle C6. The distance between any two vertices in C6 must be at most 3. It is a contradiction that
dQ4−F (u5, u10) = dQ4−F (u6, u9) = 4.
Theorem 2. For n ≥ 5, Qn contains a fault-free cycle of every even length from 4 to 2n − 2 fv inclusive if fe ≤ n− 2
and fe + fv ≤ 2n − 4.
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Fig. 2. Fault-free cycle in n-cube (case 1).
Proof. By Theorem 1, the theorem holds if fe + fv ≤ n − 2. We now consider the case of fe ≤ n − 2 and
n − 1 ≤ fe + fv ≤ 2n − 4. Hence fv ≥ 1. According to the following rules, we choose two distinct vertices
x and y: If fe ≥ 1, we choose any one faulty edge (u, v), and let x = u and y = v, otherwise, we choose two
faulty vertices x and y. By Lemma 3, Qn can be partitioned along some dimension j such that x ∈ V (Q0n−1) and
y ∈ V (Q1n−1). Let f ie (respectively, f iv ) be the number of faulty edges (respectively, faulty vertices) in Qin−1 for
i = 0, 1. Consequently, f ie ≤ n− 3 and f ie + f iv ≤ 2n− 5 for all i = 0, 1. Without loss of generality, we may assume
that f 0e + f 0v ≥ f 1e + f 1v . The proof is divided into three cases as follows.
Case 1. f 0e + f 0v = 2n − 5 and f 1e + f 1v ≤ 1 (see Fig. 2).
By Theorem 1, the desired even l-cycle can be found in Q1n−1 where 4 ≤ l ≤ 2n−1 − 2 f 1v . Subsequently, we build
an even g-cycle where 2n−1 − 2 f 1v + 2 ≤ g ≤ 2n − 2 fv . Since f 0e ≤ n − 3, f 0v ≥ n − 2. This implies that f 0v ≥ 3
because n ≥ 5. Let u be a faulty vertex in Q0n−1. By Lemma 10 (imagining u not faulty), there exists an even h-cycle
Ch in Q0n−1 that does not contain any other faulty vertices except u where h = 2n−1 − 2( f 0v − 1)+ 2l and for some
0 ≤ l ≤ b f 0v −12 c. We assume that the cycle Ch contains u (the discussion is easier when Ch does not contain u). Let
x and y be the two neighbors of u in Ch . Let w 6= u (respectively, z 6= u) be a neighbor of x (respectively, y) in
Ch . Hence h(w, u) = h(z, u) = 2. Since f 0e + f 0v = 2n − 5, we may assume that (x, x ( j)) and (z, z( j)) are two
fault-free edges (the discussion that (y, y( j)) and (w,w( j)) are two fault-free edges is the same). Deleting u and y
from the cycle Ch , a path S joining x and z is constructed where l(S) = 2n−1 − 2 f 0v + 2l − 1. Since h(x, z) = 1
or 3, h(x ( j), z( j)) = 1 or 3. By Lemma 9, there exists a path R in Q1n−1 joining x ( j) and z( j) where l(R) = 3,
5, . . . , 2n−1−2 f 1v −1. Merging the two paths R and S as well as the two edges (x, x ( j)) and (z, z( j)), an even g-cycle
is constructed where g = l(S)+ l(R)+ 2. Hence 2n−1 − 2 f 0v + 2l + 4 ≤ g ≤ 2n − 2 fv + 2l.
Since 0 ≤ l ≤ b f 0v −12 c, 2n−1 − 2 f 0v + 2l + 4 ≤ 2n−1 − f 0v + 3. Since f 1e + f 1v ≤ 1, we consider two cases:
f 1e + f 1v = 1 and f 1e + f 1v = 0. (a) f 1e + f 1v = 1. By our partition, fv = 2n − 4. This implies that f 0v = 2n − 5 and
f 1v = 1. It is obvious that 2n−1−2 f 0v +2l+4 ≤ 2n−1−2 f 1v +2. (b) f 1e + f 1v = 0. Hence 2n−1−2 f 1v +2 = 2n−1+2.
Since f 0v ≥ n−2, 2n−1−2 f 0v +2l+4 ≤ 2n−1− f 0v +3 ≤ 2n−1−n+5. This implies that 2n−1−2 f 0v +2l+4 < 2n−1+2
because n ≥ 5. Consequently, 2n−1 − 2 f 0v + 2l + 4 ≤ 2n−1 − 2 f 1v + 2. Therefore, we can construct a cycle of every
even length from 2n − 2 f 1v + 2 to 2n − 2 fv inclusive.
Case 2. f 0e + f 0v ≤ 2n − 6 and f 1e + f 1v ≤ n − 3.
By Theorem 1, the desired cycle of every even length from 4 to 2n−1−2 f 1v can be found in Q1n−1. Subsequently, we
will build an even g-cycle where 2n−1−2 f 1v +2 ≤ g ≤ 2n−1. Let Ck be an even k-cycle with k = 2n−1−2 f 1v in Q1n−1.
Let (a, b) be an edge lying on Ck such that (a, a( j)), (b, b( j)), and (a( j), b( j)) are fault-free edges. A (k+2)-cycle can
be constructed by merging cycle Ck , the edge (a( j), b( j)), and two crossing edges (a, a( j)) and (b, b( j)). There are at
most 2n−4− f 1e − f 1v faulty components outside of the Q1n−1. Let E(Ck) = {(x, y) ∈ E(Ck) | (x, x ( j)), (y, y( j)), and
(x ( j), y( j)) are fault-free}. Since k = 2n−1−2 f 1v , Ck has 2n−2− f 1v mutually disjoint edges. Hence E(Ck) contains at
least f 1v edges that are mutually disjoint edges. (If they does not exist, 2
n−2− f 1v ≤ f 1v . This implies that 2n−2 ≤ 2 f 1v .
Since f 1e + f 1v ≤ n − 3, f 1v ≤ n − 3. Consequently, 2n−2 ≤ 2n − 6, which contradicts 2n−2 > 2n − 6 for n ≥ 5.)
Subsequently, one can build all even g-cycles by combining the cycle Ck and these f 1v mutually disjoint edges one by
one where 2n−1 − 2 f 1v + 2 ≤ g ≤ 2n−1.
Hereafter, we build an even g-cycle where 2n−1+ 2 ≤ g ≤ 2n − 2 fv . By Lemma 10, there exists a fault-free cycle,
denoted by Ck , in Q0n−1 such that k = 2n−1 − 2 f 0v + 2l where 0 ≤ l ≤ b f
0
v
2 c. Obviously, the cycle Cg contains at
least 2n−2 − f 0v + l mutually disjoint edges. Since n ≥ 5, 2n−2 − f 0v + l ≥ 2n−2 − (2n − 4) + l > 1. Therefore,
let (c, d) be a fault-free edge in Cg such that (c, c( j)), (d, d( j)), and (c( j), d( j)) are fault-free edges. By Theorem 1,
the edge (c( j), d( j)) lies on a fault-free even h-cycle Dh in Q1n−1 where 4 ≤ h ≤ 2n−1 − 2 f 1v . There exists a path
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R joining c( j) and d( j) in Q1n−1 where l(R) = 1, 3, . . . , 2n−1 − 2 f 1v − 1. Combining Ck , R, (c, c( j)), and (d, d( j)),
an even m-cycle Cm is constructed where 2n−1 − 2 f 0v + 2l + 2 ≤ m ≤ 2n − 2 fv + 2l. Since 0 ≤ l ≤ b f
0
v
2 c,
2n−1 − 2 f 0v + 2l + 2 ≤ 2n−1 + 2. Therefore, the desired cycle of length from 2n−1 + 2 to 2n − 2 fv is obtained.
Case 3. f 0e + f 0v = n − 2 and f 1e + f 1v = n − 2.
Note that this case may occur only when fv = 2n − 4 and fe = 0. Accordingly, we establish a fault-free cycle of
every even length from 4 to 2n − 4n + 8. By Lemma 8, Qin−1 contains a fault-free cycle of every even length from 4
to 2n−1 − 2n + 4 for i = 0, 1. According to the distributions of all faulty vertices in Qin−1 for i = 0, 1, the proof of
this case can be divided into two subcases.
Subcase 3-1. All faulty vertices in Q0n−1 are not adjacent to the same vertex in Q
0
n−1 or all faulty vertices in Q1n−1
are not adjacent to the same vertex in Q1n−1. We prove the case of all faulty vertices in Q
0
n−1 not adjacent to the same
vertex in Q0n−1. The desired cycle of every even length from 4 to 2n−1 − 2n + 4 inclusive can be found in Q1n−1. By
Lemma 5, every fault-free edge of Q0n−1 lies on a cycle of every even length from 6 to 2n−1− 2n+ 4 inclusive. Thus,
the cycle of length from 2n−1 − 2n + 6 to 2n − 4n + 8 can be easily created.
Subcase 3-2. All faulty vertices in Q0n−1 (respectively, Q1n−1) are adjacent to the same vertex in Q
0
n−1 (respectively,
Q1n−1). In this situation, Q
0
n−1 (respectively, Q1n−1) contains exactly one vertex u (respectively, v) such that only one
neighbor of u (respectively, v) in Q0n−1 (respectively, Q1n−1) is fault-free. Let u(i) be a fault-free neighbor of u in Q
0
n−1
and v(k) be a fault-free neighbor of v in Q1n−1. Since n ≥ 5, f 0v = f 1v ≥ 3. Consequently, there exists an integer l such
that u(l) (respectively, v(l)) is a faulty neighbor of u (respectively, v) in Q0n−1 (respectively, Q1n−1) where l 6∈ {i, j, k}.
We repartition Qn along dimension l into two (n− 1)-cubes, denoted by Q0 and Q1. Thus, u, u( j), and u(i) are in the
same (n − 1)-cube; v, v( j), and v(k) are in the same (n − 1)-cube. Suppose that the number of faulty vertices in Q0 is
not equal to n − 2. The theorem can be proved by Case 1 or Case 2. Suppose that Q0 contains n − 2 faulty vertices.
Obviously, all faulty vertices in Q0 are not adjacent to the same vertex in Q0. Hence the theorem can be shown by
Subcase 3-1 of this case. 
4. Conclusions
In this paper, we study the cycle embedding of Qn with mixed edge and vertex failures. We prove that every fault-
free edge of Qn lies on a fault-free cycle of every even length from 4 to 2n − 2 fv inclusive if fe + fv ≤ n − 2.
Applying these results, we prove that Qn for n ≥ 5 has a fault-free cycle of every even length from 4 to 2n − 2 fv
inclusive if fe ≤ n − 2 and fe + fv ≤ 2n − 4. Our results extend most of the previous results about fault-tolerant
cycle embedding in hypercubes.
References
[1] S.Y. Hsieh, Fault-tolerant cycle embedding in the hypercube with both faulty vertices and faulty edges, Parallel Comput. 32 (2006) 84–91.
[2] F.T. Leighton, Introduction to Parallel Algorithms and Architecture: Arrays, Trees, Hypercubes, Morgan Kaufmann, San Mateo, 1992.
[3] T.K. Li, C.H. Tsai, Jimmy J.M. Tan, L.H. Hsu, Bipanconnectivity and edge-fault-tolerant bipancyclicity of hypercubes, Inform. Process. Lett.
87 (2003) 107–110.
[4] Y. Saad, M.H. Schultz, Topological properties of hypercubes, IEEE Trans. Comput. 37 (7) (1988) 867–872.
[5] C.H. Tsai, J.M. Tan, T. Liang, L.H. Hsu, Fault-tolerant hamiltonian laceability of hypercubes, Inform. Process. Lett. 83 (2002) 301–306.
[6] C.H. Tsai, Linear arrays and rings embedding in conditional faulty hypercubes, Theoret. Comput. Sci. 314 (2004) 431–443.
[7] C.H. Tsai, Cycles embedding in hypercubes with node failures, Inform. Process. Lett. 102 (2007) 242–246.
[8] C.H. Tsai, C.R. Yu, Embedding various even cycles in a hypercube with node failures, in: Proceedings of the 24th Workshop on Combinatorial
Mathematics and Computation Theory, 2007, pp. 229–234.
[9] J.M. Xu, Z.Z. Du, M. Xu, Edge-fault-tolerant edge-bipancyclicity of hypercubes, Inform. Process. Lett. 96 (4) (2005) 146–150.
